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SECTION I

INT RODUCTION

One VLF magnetic loop receiving antenn a on the EC-135  a i r cr a i t

consists of two orthogonal conductor coils wound aroun d a rectangular

slab made up of two arrays of thin fer r i te  rods . The rod assembly is

mounted flat on the metallic skin of the fuselage. Essentially the func-

tion of the fer rite is to concentrate the m agnetic f lux of the incoming

• VLF signal . The receiving antenna is comp letely charac ter ized  by

(a)  the input impedanc e Z in which is mainly the coil self- inductanc e,

and (b ) the open- circuit vo ltage Voc which  is proport ional  to the mag-

netic f lux . These two quant i t ies  can he calculated by solving two q u a s i -

static boundary value problems of a rectangular  f e r r i t e  slab in app lied

magnetic fields .

In thi s report the 4enerai problem of a ae rm eab le  body ui an exter-

nal quasistat ic  magnetic f ield is f i r s t  formula ted  as a Fredhoim i:~~ecra i

equation of the second kind . For a uniform external  field thi s i n t egr a l

equation is so lved approximate l y by the method of a v er o r in u  funct ional

corrections [ l i .  The flux enhancem ent fac tor  of a h i u h l v -p e r :~~ea b1e

rectangular  slab is determined for a wide range of t he  ~~ick ness-tu-

length ratio . The sam e approximat ion  method i~ also u s~~l ~c ca~~cu1a~~e

the se l f— induc tance  of a th in— wire  cur ren t  loop ‘o u n d  r ’ u ~ d he : d —

section of the  rectan~ ular  s lab .

L’ S — — -,~~~--•



SECTIO N II

GENERAL INT EGRAL-EQUATION FORMULATION

Let there be a static magnetic field ~l mc (r )  in :rc e space. Suppose

a finite solid of uniform permeability ~ is introduced into this field . We

wish to calculate the induced field Hmnd
~~

Let the space outside the permeable solid be designated as region 1

and that inside as region 2 . Then on the surface S of the solid , the total

magnetic field

tot inc • m d

~! 
(~~~ 

= a (~~ ) .i! ~
) ( 1)

satisfies the two bounda r conditions fo r  th e  tangential  and normal com-

ponents:

• m u  m d
1 (~~) ~~~

[11
inc~~ ~1

ind~~ ] 
= ~~~1fl~~~~~) ~~1nd ~~~

) 
d )

We introduce the induced magmetostat ic  potential suc~i th a t

, ind m d= -Vo .i~

The conditions (2) and (3) then imply that  ó
1fl d

~r) is continuous a ct o s s  th e

boundary S but tha t  its normal  derivative has a discont i r 1u itv. It is ~vel~

known that these  behaviors are inherent in t h o  int c~~ral represent a t i n-

m d  . I C ~~~~ , .  -

r )  —~~~~~~~~~~~~~~~~~~ ‘
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for r ly ing both inside and outside the so lid . That is to say, the in-

duced potential is considered to arise from induced magnetic charges of

surface densi ty p ( r )  on the solid’ s surface . Expression (5 )  is clearly

a solution of the Laplace equation.

The induced magnetic field is given by ( 4 )  and (5). As t h e  f ield

point r approaches the surface S we have the following two w e l l - k n o w n

limits in potential theory [2j:

H~’ r ) 
~~~~~~~ 

- ~ _ PfP ( r ) - ~-- (  
1 

)ds

6)

- 

~~~Pf P m
(

•~
’)

~~~ ( i. 
)ci~

S

where n denotes the outward normal at the field point r on S The

symbol P in front  of the integral  denotes the Cauch y princi pal value

whereby we must  exclude from the  in tegra l  an i n f i n i t e s i m a l l y  small  c~r-

cular disk centered at r . It is prec i se ly  the in tegrat iun  over ~h~s disi-

that gives rise to the term 
~~~Pm

( r )  in ( 6 ) .  Subs t i tu t in :  ( 6 )  into ( 3 )  we

obtain a Fredhoim integral  equation of the second kind f :r  ~he md u ced

charge  densi ty p (i’ ) [3 J :

p ( r )  O l ~~ (~ t r ’~~~~~~( 
1 

- 

0 ~ 11
if lC 11 , ~

— ~~~~~ -? t v —  
- c. I /  ~ ~~ ~ —

The solut:on is closely related to h~e t ot a l  i to r r ~~l c : O I a I C : u n  un

S . E l i r u i n a t ~n : ti - c in t e  r’s l - i ’  ‘:P en ( 6 ’)  antI 7 ’) we oOu’•n 

_~~~~~~~~~~~~~ .



BtOt ( )  = ~~ + 1~ind~~
] = 

0 p ( r )  ~8)
2n — n — 2n — - m —

6
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SECTION III

RECTANGULAR SOLID IN A UNIFORM FILLI)

Let us special ize  the in t eg ra l  equation ( 7 )  to the case of a h i gh ly -

permeable  rectangular  solid placed in a uniform magnetic  f i e ld . The

situation is depicted in Fig. 1. We set up a r ectangular  coordinate sys-

tern such that the origin coincides with the center of the solid and that

the coordinate axes are parallel to i ts ed ges . Let the  ed ges parallel  to

the x , y and z directions be ,  respect ively , 2a , 2b and 2c in leneth .

Hence the six faces of the solid are defined by x ~~a , ~ = b and z

Since any uniform field can be resolved into three independent or tho gonal

components , we can, without loss of generality, take the  incident  m ag-

netic ‘field to point in the positive x direct ion .

Fro m the symmetry of the ~roblem we need Ofli V consider the values

of p (rI on three faces of tt” e solid . It is convenient to in t r o d u c e  three

functions f , g and h such that

f ( x , v) z =

= =g ( y, z)  x = -a (9~
h(z,x) y = ~ b

These functions are odd in x and even in v and z.  in p m a ct i : e , t h e

permeabil ity u is usuall y made very h i gh , so tha t  t h e  fac to r  u -

— u )  in ( 7 )  can in most cases he rep laced by 1. -r  ~~~~~~~~ if
S 

~ > i O O u  , t h i S  factor  d i f f e r s  f rom 1 by less than I . F ’ .~ero  ~‘O “
0 5-

def ine  F~~
f l C ( r ~ = H e , where  c~ denotes hI~ u ni t  ~ ,~~ i - ‘~~~— — 0—x — .5-

Then ( 7 )  is enu i - ; a t en t  t o  the set of t h r e e  ‘~oup~~- :  ‘~ o ‘ i i  eq . a t : o n s  

—~-‘— - ---———————-—--‘-- - - — ~~~~~~ -- ~~~~~ —~~~~~— ~~~~~
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a b
i f  I 

~cf (x , v )  — .5_—J dx ? 
J dy ’ f( x ’ , v ’) 

2 2 ~~~~~—a — b ( x  — X T )  ( y — y ’ )  — 4c

- 
~~ f d y ’ fdz

u g(y’,z’) ( 2 

- 

:

‘ 

2
-b -c ( x  - a) (y  - y ’) — ( c  - z ’)

c - z ’

c a 

[ t x  - a) ( y  - .) 2 

c - Z ’ ) I

- 
~~ faz

u 
fux

u h(z’,x’) ( 
2 

c - z ’ 
•, 

:3 / 2
-c - a \j ( x  - x ’) (y - b~~ c - z ’ rj

2 

c - :  

2~~~~)[~ x - x ’) (y - b) — ( C  - z ’)
i n ’ )

g~v, :) - ~ f~y ’ f~z i g(y ’. a ’) 

f 4 a
2 

— (y  - y ’ )
2
: ) z  - ~~

I ’ ) 2 I  
~2

~~ /
~~x ’ fc lv l f (x ’ , y ’) 

( 1a - x ’r - y -  y r - - c 2 J , 2

- 
a - : : ’

.7 5) .~~~~ •)  —

(a - x )  - ( y - y ’) ( a  — c ’)~~

- o / d z fdx h (z ’, x ’ )  

([Li - •~2 
~y b ’)

2 - -

—. 
— x ’ \ -I ; ,

) 

— — 
.~~~

5
~~~~

2) 

_ ‘
cs 



h(z, x) - ~~ fdz ’ fdx  h(z ’, x ’) 
2 

2b 

2 3 / 2
-c -a j ( x  - x ’) 4b - ( z  - z ’)

- ~ f~x ’ f~v u f ( x ’,y ’) ( 2 

b 

~~~

‘ 

2 
:3/2

-a - h [Li - x ’) ± (b - v ’) — (a - c)

b — v
3 ”)

(x  - (b - y ’) 2 (z  c) 2] 
-

- 
~~ f~

y 
f

~z~ g(y ’, a ’) ( 2 

b - 

2 2
-b -c - a) — (b - y ’) - iz  - z ” )

- 
b - v

H - ar (b - y ’r ( a - z ’rI / ( 1 2 ’)

Note that the pr incipal  value in tegra l  in ( 7 ’ )  vanishes when both r and r ’

lie on the same f la t  surface.

In ract ice -y e are of ten  in teres ted  Uni v  in the  tota l  magnet ic  f lux

passing t h r o u g h  the  midsection of the solid shown as ~he shaded area in

Fig. 1. Thi s  total  flux ~s

fdy Jdz ~~(x 0)

Since 13 is diver~ enceless , each flux line c:’ - s - ~in o  Lie -n’.u :eI :  ur ea  ~~

eventual l y come J u t  h r n u r h  t h e  faces  of the  solid for :-: ~~ 0 . Th eref

can also be w r i t t e n  as

:0
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2fdx Jdy a tot (z c) - fdy fdz Btot (X a)

— 2 Jdz f  dx B~
0t (y = b) ( 14)

If  we introduce the average values

T = 
2ab fix f  dv f(x , y)

= 
~~~ f~y fdz g(y, z) (15)

~~ a f~~Jd~~z ,~
th en by ( 8)  and ( 9) ,  for ~ >> 

~~~ 
expression (14) simp lifies to

i-~- c —  c7-~ -= 4 abM ( 1 -- — g + — n~O \ a - -  b ,i

11

-5 -  - - -~~~~-- -- , - ~~~- 5 - - - - - - .  -— - - 5~~~ - - .5 -5 - -  - 5 -
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SECTION IV

METHOD OF AVERAGING FUNCTIONAL CORRECTIONS

We have on hand a rather  formidable system of coup led two-

dimensional integral equat ions in (10), (11) and ( 1 2) .  One method to de-.

r ive an ap prox imate solut ion is obv iou sly to rep lace these equations

with a set of algebraic equations by app lying a suitable numerica l  inte-

gration formula . And yet , in pract ice , unless the problem exhibi ts  a

large amount of symmetry, as in the case of the electrostat ic  analog of

a dielectric cube {4], we have to set up quite a large number of algebraic

equations in order to obtain reasonable accuracy.  Their solut ion is

likely to tax severely the capacity of all but the largest c o mpu t e r s . This

undesirable state of affairs  is especially t rue of the inductance c a l c u l a t i o n s

in later sections , where the incident  magnetic f ield is not un i f or m but

rather produced by a cur ren t -car ry ing  thin wire wound arc w i 1  t h e  rec-

tangular  solid. A purely numer ica l  solution wi l l  be r r e -~t 1v ~it sad - : am n : e d

since the f ie ld is singular at the w~re. and a h i : h -or k e r  a u mer : c a l  ~nt e-

gration formula  mu st  be used to ensure rood accu ra c~:.

In th is  work we shall  emp loy an ana lv t :ca l  :~r nr  mma : i ’ -n ~r cedure

known as the me thod of avera~~:ng fun c t t o n a l  corr ect ~on~ f l j .  Es ~en ’ : a U v

this  method consists of a s e i f — c o n s : s r e n ~ t e i ’ a t : vr  c a h : - t h t t : ’  ~ ‘ i’ Lu ’

average values of the unkn own fu n c t t ’ns ver  Lie ; er - .- ’ u ~~ - : n t ’ : ’

As such , :t is ideal ly sutte i to c:l~~~~~i a t 1 l ;r ~
- - : ~~:.i I :• ~~

‘. ~~~~~

each order  - f ~he t ’ era t i on ‘h o :rt~ri:- ‘ - ‘
~~~~ ! 0 1’. - ‘“ u ,— ’-- v.lI: - ~

~ ~n r:

- - ~~~~~~~~ —~~_~~~-~~~~~~~~~~~~~~~ -- -_ _ _ _ _
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The method of averaging funct ional  corrections is ac tual ly  q u i t e

• s imp le in princi p le. In the f i r s t  approximat ion  we rep lace f , g and i:

under the integrals  in ( 10) , ( 11)  and ( 1 2 )  by the ir average val ues defined

in 15) . Specif ical ly we let

f x ’ > O
f (x ’, y ’) —

-f x ’ < 0

g(y ’, z ’) -
~~

~~h x ’ > O
h(z ’ , x ’) — (17)

~-h x’ < O

sinc e f and h are bo th odd in x ’ . Under these rep lacements , the three

equations ( 10) ,  ( i i )  and ( 12)  can be subsumed under the m a t r i x  ecuation

F - ~~~~K~~~~~~= F  (18)

.‘;here

f(x, y ) (7 ‘\ ( 0
F = g(v , z )  , F = 7 , F 213 ( 1 9)

0 o f
h~z , x ) /  it -

‘ 0 /

and 1< is a 3X3 mat r ix  w i th  elements

/~
, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

:; 1’)
2 

- y - ~~~ ’) 2 
-

-- x ’) - -  2 j

5 - - ’ 
-5- - — -- - • - .



5-
~

’
~

K 19 (x ,y )  f ~y , 
~
/

~ z u (
~ - a~

2 Li - y ’) 2 - I c  -

c -
— 30)

(x — a) 
~: 

- y ’) — I c  - z ’rj

~.c 
1

a 
/ -

J dz~
J 

dx ’ 
( 2 2 2 

3 2
-c 

\ 
(x - x ’) + (v  - b) — (c - z ’ I

-

-) 5) 5) ~ —

(x — x ’’ + I v  - b )  — (c -

C - : ’

[Li - x ’) (y  — b~~ — ( c  - z ’ ) J  
- -

C -

—

(x — x ’r - Li - b~~ - c - :‘rj  
-

= f ~’ f t -” ( 2 

a - x ’ 
- 3 / 2

o -b 
\ 

[
~ 

- x ’) + u v  - y ’) — ~: - c)

a — :~

‘3 
5) —

-~ - ( — v’) -
~

- (a — cr

a - x ’-4- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

3 , s )

[ a  - a ’) — Li - ( z cr 1 
-

a — a

‘a — x~~ - 1 ’ ’ )  — c ) j
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1
c 

7 a

J dy ’ J dz ’ 
2 2 2 

3/2
-b -c ~4a + Li - y ’) + (z  - z ’)

z ) = fdz fdx
l 

( 2 
a - 

2 
:372

-c  o [(a  - x ’ )  - (v  - b) + (z - z ’)

a -’- x ’
- I ’)

2(a± x ’) -- Li - bY’ -
~
- t z  -

a - x ’
:3 / -,

5) 5) 9 —

(a  - x ’Y’ + (y + bY’ — (a — z

a - - a ’

[ a +  x ’r + ( y ÷  bY ’ - ( z  - z ’r J 
-

K
31
(z,x) =f ~’ f~i~u ( b - ~~ ”

0 — 1) [ (a _ a ’) + ( b —  y ’) + L i - c )

- 
b - 

-) “ 2
[Li + x ’Y ’ — lb - ‘Y ’ — ( z - cY ] -:

b - v
5) 5) -) - , —

[( x  - x ” ) — lb  - y r  — I: — crj

- 
h -

X — X ’ I  ~ - ‘.- 1  — — cY]  
“ —

,
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K 37 (z , x) = f~y ’ f ~ z ( 2 

b - T ’

-b -c \ [ (x  - a) (b  - y ’) — (z  - z ’)

b -
— 

9 5) ., 3 , 2
[Ix - aY ’ - (b - y ’Y’ ( z  - z ’rJ

1
c 

1
a 

/
K 33

(z , x) = J dz ’ J dx ’ 
( 2 2 2 ~ 

1 2
- c 0 \ [(x  - x ’) + 4b - (z  - z ’)

— 
— 

5) 5
9 \  

( 20 )
- 

H :  a ’ ) 4b — (z - z ) 2 J  
-5)

These matr ix elements are exp licitly odd in a and even in 
~~
‘ and z . The

average s 7 , ~ and h , up to now unknown, can be de ter mined se l f -

consistently by evaluating the aver age of ( 12 ) . A set of th ree  linear

al geb ra ic equat ions result :

- J—i~ 
( 21 )

2~ , o

We have introduced the obvious notations

~~1i 
= -

~~~ f~ix f ~ 
1~ 1~Li~ y)

= ~~~ f~~yf~~z K r ( v , a )  i 1, 2 , .3
0 0

~ a f dz fda K~~~z , a) 2 2 ’
1) 0 

- -- • • -~~~~~~~~~~~~~~~~ • - -- - • • -. - - 
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Subst i tut ing (2 1)  into ( 18) ,  we obtain the f i rst  i t e ra ted  so lu t ion  of ( 1 0 1 , I l  1

and (12):

F F + -~~~K . (~ 
- -~~ ) F (23)

In the oresent case F = F0 0

There are systematic procedures to improve the solution by itera-

tion . But in the present work  we shall not go beyond the f i r s t  i terated

solution ( 2 3 ) .  We can expect considerable local difference between the

exact solution and (23 )  at various points on the surface o± the  rec tangular

solid. On the other hand ‘ye are interested ma in ly  in the total flux ( 16)

which is a global quantity and is obtained b y integrat ing the  induced mag-

netic charge over the solid’ s surface.  We believe ( 2 1 )  gives us a good

approximation to the flux . The present situation may be compared with

that  of calculat ing the capacitance of a conductor  where  a rou zh  approxi-

mation to the sur t ace  charge density often leads to an accura te  value for

the capacitance . Our approximation scheme is akin to the H at ’ t ree -F oca

apnroximation in atomic s t ruc tu re  calculat ion s and the Vlasov approxint a-

tion in p lasma dynamics . The idea is to rep lace an -anknown local or

microscopic quant i ty  under an i n t eg ra l  by its  g lobal or macroscop ic

average. This average is then ca lcula ted  se l f - cons i s t en t ly f rcm the (me-

or i n t e g r o — c l i f f e r e n t i  al e q u a L o n  thus  apo rox imat ed .

For a detailed d iscuss :en  on der :  vinc h i n t e r — o r d e r  a v ~r a i : u a t i o n s

as --‘--e l i  as on all  o ther  I sPeC ~~ S 01 the  me thod  of ave~’a3in~ f:: r c t i o n a l  

—-~~~~~~~~~ • — -~~~~~~ - —----~~~~~~
.
~~~~~~~- - - -—- ~~~~~ -
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corrections, the reader is referred to the monograp h of L u c h k a [ 1J .  In

this  book the method is a t t r ibu ted  to Vu . D . Sokoiov .

1 i(
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SECTION V

N UMER I CAL RESULTS OF FLUX CALCULATIONS

The flux ~ can be obtained from ( 16)  and 21 )  by working  out the

averaged matr ix  K . Its nine elements are really four-d imensional  inte-

~rals . Let us first evaluate the set of nine t’.vo -dimensional inte~ r a i s  i—I

in ( 2 0 ) . It is clear that this is an enterprise L~at takes anybody no smal l

amount of ef for t . We shall not write out the results as they are exceed-

ingly lengthy, but shall only note that they can be expressed :ri t e rm s of

the following four types of integrals :

I I [ x  - x ’) 2 
- ‘V  - y ’) 2 

C2]

Ix — a) ’y — b) — l  x l v  — b)
= tan — — tan ‘ - -~

C [x - aY’ - - bY’ C ]  C f X  - Li - b) - ~~2 J 
-

-1 l x - a) ( v  b ) -1 x lv  — b)
— tan - 

1~~ ~ tan --

C1(x - a) - (v -b )~~~~C J  C [ x : ( y~~~b r _ CH

f : .’ fdz
! a - Z

-b -c  - (y - y ’Y ’ ( a  - zt 2] 
-

( 

1 ~~ ‘ 1 5 )  •

9 .•) 5) — 5 )  •)  -~— ( v - ~- b ) - ~- L i - cY’ \ 5 ’- b A — ( v - b r - ( : ~~ crCn - 

1/ 2  
- 

-

- y — h  - S
_ - b

19
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I i  
[Li - a ’Y ’  - B2 - ( z  - z~~) 2]

/ ‘3 
,, 1 /2  -) ,, -) 1/ 2

5- ’  •
_

• )  ~ 
5~,

- - - 

( 
x ’ -’-B — ( z - c Y ’  - x  ( x - a Y ’ — B~~ - ( z — c )  : X -  a

f x
2
~~B 2 _ ( z _ c ) 2 ]

1 ’  
— a [(x ~~a

2 _ B 2 _ z ~~ c) 2
~~ 

- 

- x  - a

a b

fax ’ fd y ’ 

[ x  - x ’Y ’ - ( v  - y ’) 2 
- Ci 

-

1 / 9

( 

9 
.5) 9 

— r 9 5) - —

x — I y - b ) -~- C  — v - h  [ x - a ) / y~~bY ’ C
=~~n 1 /9  1’ ’3

[x
2 — y - h 2

~~c2 J +y ~~u [ x -  a)2 _ ( y~~b) 2
~~Ci - y - b

~~ext we must integrate these comp licated expressions over the soiid ’~

surface to calculate K , in accordance with ( 2 2 ) .  The Lntegr a i s  can prooa-

bl v be done analytically, but the amount of algebra involved must  be t r u ly

enormous. Since the expressions ( 2 4 )  have only logari thmic s ingular i t ies

at the ed ges of the solid, we decide to perform the  remain ing  two-

dimensional integrat ions numer ica l ly .

For a case of immediate  pract ical  interest , ‘ye choose a b

define a t h i ckn e s s_ t o_ i en ~ th ratio

C
K —a

20

~ 

_ _ _ _ _



s— — •  - 
~~~~~~~ ~~~~

5”
~~~

—--’- - ‘
~~~~~~ 

‘ 
~~
‘ 

~~~~~~~~~~~~~~ 

- - •

The valu es of K for various K are sho ’vn in Table 1. Note  that K ’3.) is

negat ive.  Then f , ~ and 11 can be obtained by solving the set of t h r e e

linear al gebraic equations ( 2 1 ) .  The so lutions are shown in Table 2 to-

gether w ith  the flux enhancement factor ~~~~ where

= 4bc~ H (26)
0 0 0

is the total incide nt flux throug h the shaded area in Fig . 1 in the absence

of the rectan gular solid . The ratio ~~~ is also p lotted versus K in

F in s. 2 and 3. We see that there is a dramatic flux enhancement for a

thin rectanaular slab . But the divergence of ~~~ at small < can only be
- 0

logar i thmic.  This becomes evident when  we p lot out the quanti ty z ’~ /~

in Fig. 4 and find that  it  approaches 0 with K Since, by ( 2 5 )  and ( 2 6 ) ,

= 5) a b ( 2 ’
o 4aTh H

0 0

it is really the total flux in units of 4a~~ H
0 0

For the case of a cube (K  = 1) ,  we obtain a value of 3 . 57 for ~~~0

This may be compared with  the exact value of :3 for  an in f in i t e ly  perrn e-

able sp here. The value for a cube is bigger probably  because of the edges

and corners . We have also app lied the method of averaging fu n c t i o n a l  cor-

rec tions to the inte~ ral equation for a sp here. Compar in c  the  f ir st

i tera ted solution  wi th  the  exact r e su l t , we f ind t h a t  h e  to t a  1’jx is sma  er

than the exact value by about ~ 3~~. We hazard a guess ~l tn t  oar f l ux  re-

su l t s  in Table 2 ar e smal le r  than t h e  er - :a ct va iues  by about  i i )

_ _ _
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a I C T I O N  VI

RECTANGUL AR ~OLW IX THE FIELD OF A
RECTANGULA R CURRENT LOOP

Consider a thin-wire current loop wound t ight l y around the midsec-

tion of the rectangular inf initel y-permeable solid. In F ig. I it is to be

represented by the perimeter of the shaded area. \Ve want to calculate

the self-inductance of such a current loop. 5As is well  known, our task

amounts to calculating the total magnetic flux passing through the loop at

unit current .

For a rectangular  loop in f r e e  space lying in the y -z  p lan e, defined

by 
~
.- = ± b’ and z = c ’ , and c ar r y i n g  a current  I , the  vec tcr poten tial

is easily found to be

A = A e A e
— y—y z—z

with

/ 5, 5)

/ ‘.:
‘ -

~
- — — — c’Y’ — y — b’

A t x , - ;z~ = ~_a_~ - )y ‘ -t~~ 4) )
- (~ — h ’l  — ( z  - c ’Y ’J  — —

± (v - ‘~~ — I: - c ’rJ 
‘ - 5  

- V - b ’

-) ‘3

— - h ’Y ’ -- ( a  — c ’Y’j ~ 
-

/ ,, 5) ,
~ 

1 / 2
M~ I j  x — (y  - — c ’( — z —

A I:-:, V . z )  = , r .)

• 
[a

2 
- ly  -- b ’)  - (z c ’)i 

- 

- -

- ‘  ) 4 1
— l v  — b~ — ( a  — — - C

T

- h’r - .t - c ’~~ j - - -

4)~~~
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It is clear that t’or an infinitely thin wire , -\ diverges logarithmically at

the wire. In order for (29 )  to represent the vector potent ia l  of a loop of

small bu t f inite wire rad ius R and woun d t ightly around a rectangular

solid of cross-section b by c , we set

R b ’ - b = c ’ - c  ( 3 0 )

The magnetic field due to such a loop in f ree  space is the incident f ie ld in

the  present problem, and is given by

= < -\ r )  ( 3 1 )
- - 

1-4 — —

0

It is clear that this problem possesses the  sam e t 2e I)f sy mm e t ry

as the case of a uniform incident field treated in Section IF , namely , t h e

induced magnetic charn e  density on th e  solid’ s surface is a c a i n  odd hi ::

and even in y and z . The only  d i f fe r enc e  is ~n t h e  ‘. a l a o  - - f  t h e  ine ’ dent

f ield .  Therefore in calculat ing t h e  f i r s t  t : er a t e~: 5o~ u t in a  :~~
— 1.~ e -r e :: d

of averaging funct ional correct ions, ‘ye again arrive 2 1 ’  but w i t h  E ’

~iven by

132 )

2 ’ I
\ 

y

The ‘ i v er an e s  are over t h e  f aces  of th e  sol id :

- ~~~~~~
-5-5
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~~inc 
= 

2ab fdx fdy J3 inc ( Z = c)

= ~~~~~~~ 

_
~
[

~ iY fdz Hhl
~
c Li a)

~~inc 
= 

~~~ J~~Z J~~~X H~~
C(y = b) (33)

Using (- ‘$ 1) and Stokes ’ theorem, we obtain

~~nc 
= 
2abu f~ Yf~~y(a*Y, c) 

- A ( 0 ,y , c ) J

/ c ,-b
~~nc 

= 
1 ( fdz A (a, b, z) - J dv A ( a , v , c)

a 2bci.~ \_ a 
-

,o C 0

~~ric 
- 
i 

f~~z [A ( 0 , b, a )  - A (a , b, z ) 1  ( 3 4 ~2ca~ a ao -c

For  A and A given by (29) and b ’ and c ’ by (-30), the in tegr a ls  can bey z 5’ -

worked out analytically. We have

I 
c M l

0 - Id z A  (a , o, z )  —,--—-- V l - ( a, o, c, R )
z -t~~-C

h L~~i
A m , y ,  c) -

~~~~~~~~~~ \V(a, c, b, H) ‘ 35’

- )  4 )
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1 / ’3

( 

5) 
~ 

- )  i 9 -) —

— 2b — d( — d — d 1a i- 2f - d
WI a , b . c, ci) = ci - j_7.) -

!a
2 2~,~~~~

2
~~~1 2L_ d 

[a
2
~ - 2 d 2 J ~- d

~ 1 ‘ ‘3( -) -) 4) - — 
9 9 4) 5’ —

a -.- 2 c - d ) -d  - 2 c - d  a ( 2 b ~- d r - ( 2 c - ~-dr  - 2 c - d
— ( 2 c — d ) ’ f l  , .3 5) 1 . 2

[a~~~~2 c -  d) - d 1  - 2 c - d  [a~~~ ( 2 b —  d) + ( 2 c ~~drJ - 2c- d

l~~’3 1
1
’3 1 _ _

’3
- 2 [a - 2b d~~ - dj 

- - 
- [a

2 
- 2 d 1  

- 
- [a

2 
- 2c - d~~ - di

1/ 9
_ [a

2 (2b  d) - (2c ~ d ) 2 ]  -) ( 3 6)

The self- inductance in f r e e  space L is the total flux through the loop at

unit current  and in the absence of the rectangular solid . \Ve obta in

L = -
~~~~ fd y fdz  H ”~ bx 0)

= ; (J~~~z A ( 0 , b, z ) - Jdy A ( O , y, c)) ( 3 7 )

or . by 35),

L = \V ( 0, b, c, H) - W( 0, c, b , 
~~ 

)J ‘~~~

On the o the r han d , by (16), the self- inductance L -.v i t h  ~he p e r m c ’ G I e  core

d abU
0 , -~- C —  C — ,

L — — n  — — h i  .—I \ a h

30
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NUMERICAL RES ULTS OF IN DUCTANCE CALCULATION S

For a case of immediate  app lication we take a b and R = a 1900 ,

and calculate the averaged vector F in (32 )  and L in (38 )  numerical ly
0 0 -

as a function of the thickness-to-length ratio ~ = c/a . The results are

shown in Table 3. We then solve for f , ~ and h from (21) and (32’h The

matrix K is as given in Table 1 . The self-inductance L in (39) becomes

in the present case

9
- 4a~~

L = 
1 

° [f ~( g — h) 1 a = b (40 ”

The num erical results are shown in Table 3. \~e also olot L ~n F~~n. 5
- 

0

and L in Figs. 6 and 7 .

The curve for L exhibits a broad min imum at ~ ~ 0 . 3 and a sharp

rise as ~ — 0 . Thi s behavior is at  f i r s t  p u z z l i nu  since -ce m o r e  or less

expect on in t u i t i v e  grounds a rnonotonic dependence on ~ - However , it i s

important  to real ize that  the effec t of ~ on L ~ri ses f r o m  t w o  sources

one d i r e c t ly  f rom the  ~ec metr ’.’ of th e r’ectan~~’i l a r  50 .1. 1, and a r .o t l . e r  a d i-

r ec t lv  f rom the incident  f ield ‘‘:htch var ies  t ’;ith ‘he ~oon o’ ’ me ’ rv . TI

study the ef fec t  due purely to the solid , we must  f a c t o r  o ut  hat  t r ~ 1oil

due to the incident field . Accordingly ‘e caicu ’ ate and :-dot t h e  i n du c t a n c e

enhancement factor L/L in Tihle 3 and i in .  3 . We see t i  ‘h i s  fn ~’’ , 4 r .

nur :ed of the c-dependence iron’, the i n C ) d e f l t  t’~eld .  i s  i d ~- - d  ~ f l i ef lo t r f l i c

fu n c t Io n  of ~ . It in f a c ’ c~o ,sely resemhle.s ‘he f ~aa en h a n c er . -~~~~ fa ~-~a:-

a: f- ’~~ . ‘2 , Thi s  ‘o~~a~ t ‘r m a r h  ~h il e  s~n - ’ (0’  I’ ~~~ i n~ -~ :en ’
I )

5 ,
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field is purel y in the a direction , whereas  for L / L  it is , by Table 3,

predominantly in the y and z d i rect ions . It mean s that  the f lux amp lifi-

cation property  of the rec tangular  perm eable  solid depends main ly  on

the total incident f lux  and not so much on the detailed configurat ion of the

incident f ie ld .

From Fi g. 5 we see that  U0 
is a monotonica il y tncreas ing  funct ion

of K - If we wr i t e

L = — ~— L  (4 1)
U 0

0

we can appreciate tha t  L need not have any monoton ic  dependence on K

at all since it is the  product  of a monoton ica l ly  decreas in~ and a :nonotoni-

cally increasing function . The sharp r~ se of L as c 0 is really due to

a faster  rate of increase of L / L  than tile rate of deccease of L . We
0 0

must  also point out t h a t  for c ver close to 0 , L n :u s t  e- ,- en t u a l l ’ :  come

dow n to 0 . This is because  in t h i s  region L droos sha cnl - :  to 0 - I:’,
- 0 

-

f act  we have L ‘C ~~fl K w t t i l e  L~’ L ! I n  K 
I for  c 0 . This  r e su ’t

0 0

is p hy s i c a l l y  sound since the  se l f - induc t ance  of a cu5 ’rcnt  loop of ze ro

area must  he 0 .  On the other hand it i s  mean~n g l - a s s  10 push  t h e - 7resent

calculat ions  do’.vn to very small K Cu r  t r e at m e n t  of t h e  cu r r e n t  i cop  iS

hosed on the  thin—wire aporon~mation : t h i s  b r e a k s  down f U c , cc hen

the  th in  -.vire m u s t  he considered as a massive  c v hn d e r .

F i n -U I - - .- , ,~,‘h at ‘cc h ov e  c a l cu l a t e d  i~ :ict u o l l v  t h e  “ :- : ‘e r r . ;l -~e !f -

j : i d u c r~n , ’e , ~~, I O O  of I ,~r r ’ su h s  rd - i d e s  the i r t e r r a l  ~.: f - i n - 1  :o~ , n ct ’

-- ---5-- ‘. -- ‘~----_-5--- ’ ‘ - ~~~~~~~~ 
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to magnetic flux in the interior of the thin wire. For a cylindrical thin

cvire of a non-magn etic conduc tor in free space, the internal  self-

inductance amounts to about u / 8t~ per unit wire lengt h [5J . It is , ho w-

ever , negligible in our present problem . 

_ _ _ _
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SECTION VIII

CONCLUSIONS

The general p r oblem of the interaction of a permeable solid with

magnetic fields can be exactly formulated as a l” redholm integral equa-

tion of the second kind. While a number of numerical techniques are

available for solving this type of integral equatio n , the method of averag-

ing functional corrections is found to be particularl y simple and power-

ful when it comes to evaluating the total mac~tecic f lux passing through the

solid. In this way, the total flux through a rectangular ferr i te  slab is

calculated when the incident field is uniform and when it is generated by

a rectangular cur ren t  loop . ft is found that a thin f e r r i t e  slab is a irood

flux concentrator.  
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